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$\text{ }$ (Sin-Ei Takahasi)
1 Banach A Banach module X A carrier $\Phi_{\mathrm{A}}$




$\mathrm{x}_{\varphi}=\mathrm{x}/\mathrm{x}^{\varphi}$ $\Phi_{\mathrm{A}}$ $\mathrm{X}_{\varphi}$ $\mathrm{X}_{\varphi}$






( $\forall\varphi_{1},$ $\ldots,$ $\varphi_{\mathfrak{n}}\in\Phi_{\mathrm{A}},$ $\forall \mathrm{f}\iota\in(\mathrm{x}_{\Re})^{*},$ $\ldots$ , \forall $\in(\mathrm{X})\Re \mathrm{n}=*,$$\forall 1,2,$ $\ldots$)
$\beta$ $|[\mathrm{O}||\mathrm{B}\mathrm{S}\mathrm{E}$ BSE





$\varphi_{\mathrm{n}}\in\Phi \mathrm{A},$ $\forall \mathrm{f}_{1}\in(\mathrm{X}_{\mathfrak{R}})*,$
$\ldots,$
$\forall \mathfrak{g}\in(\mathrm{X}\vee\omega*, \forall \mathrm{n}=1,2, \ldots)$
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BSE- A X A- multiplier
$\mathrm{M}(\mathrm{A}, \mathrm{X})$
$\mathrm{T}\in \mathrm{M}(\mathrm{A}, \mathrm{X})$
$(\mathrm{T}\mathrm{a})^{\mathrm{A}}(\varphi)=\varphi(\mathrm{a})\hat{\mathrm{T}}(\varphi)(\forall \mathrm{a}\in \mathrm{A}\forall\varphi\in\Phi \mathrm{A})$
$\hat{\mathrm{T}}$ –
$\hat{\mathrm{M}}$(A $\mathrm{X}$) $=\{\hat{\mathrm{T}}:\mathrm{T}\in \mathrm{M}(\mathrm{A}, \mathrm{x})\dagger$
BSE $\text{ _{}\mathrm{B}\mathrm{s}}^{\mathrm{c}}\mathrm{E}\mathrm{X}_{\varphi}\varphi$
$0 \in\prod \mathrm{X}_{\varphi}$ : $\Phi_{\mathrm{A}}\mathrm{x}\mathrm{X}$
$\pi\langle\varphi,$








$\mathrm{M}\wedge$(A $\mathrm{X}$) $= \prod_{\mathrm{B}\mathrm{S}\mathrm{E}}^{\mathrm{c}}\mathrm{x}_{\varphi}$ Banach module
X BSE multiplier Gelfand BSE-
Banach Banach
module BSE BSE-
( ) $\mathrm{C}^{*}$ - BSE- (cf. [1, 2])
C* BSE Banach module





$\not\in\ovalbox{\tt\small REJECT}_{\text{ }}$ If $G$ is $non-\omega mP\mathrm{a}cc$, then both $\mathrm{C}_{0}(\mathrm{G})$ and $\mathrm{L}^{\mathrm{p}}(\mathrm{G})(1<\mathrm{p}<\infty)$ are radical.





2 Let $\mathrm{G}$ be anon-compact locally compact Abelian group and $\mu$
the Haar measure on G.
Lemma 1. Given a compact subset $\mathrm{K}$ of $\mathrm{G}$ , there exists a compact subset $\mathrm{H}$ of $\mathrm{G}$
such that $\mathrm{H}\cap \mathrm{K}=\emptyset$ and $\mu(\mathrm{K})\leq\mu(\mathrm{H})$ .
Proof. Iae$\mathrm{t}..\mathrm{K}_{0}=(\mathrm{K}\mathrm{U}\{\mathrm{O}\})-(\mathrm{K}\mathrm{U}\{0\})$ and then $\mathrm{K}_{\mathrm{o}}$ is a compact subset of $\mathrm{G}$
containing K. Choose an element $\mathrm{x}$ of $\mathrm{G}$ which $\mathrm{d}_{0\text{\’{e}}}\mathrm{n}^{1\mathrm{t}}$ belong to $\mathrm{K}_{0}$ and set $\mathrm{H}=$
$\mathrm{x}+\mathrm{K}_{0}$ . Then $\mathrm{H}$ is adesired set. Q. E. D.
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Lemma 2. Given a compact subset $\mathrm{K}$ of $\mathrm{G}$ and a positive integer $\mathrm{n}$, there exists a
compact subset $\mathrm{K}_{\mathrm{n}}$ of $\mathrm{G}$ such that $\mathrm{K}_{\mathrm{n}}\cap \mathrm{K}=\emptyset$ and $\mathrm{n}\mu(\mathrm{K})\leq\mu(\mathrm{K}_{\mathrm{n}})$ .
Proof. By Lemma 1, we can find compact subsets $\mathrm{H}_{1},$ $\ldots,$ $\mathrm{H}_{\mathrm{n}}$ of $\mathrm{G}$ such that
$\mathrm{H}_{\mathrm{i}}\cap(\mathrm{K}\mathrm{U}\mathrm{H}_{1}\cup\ldots \mathrm{U}\mathrm{H}_{\mathrm{i}1}-)=\emptyset,$ $\mu$( $\mathrm{K}\cup \mathrm{H}_{\mathrm{l}}$ U... $\mathrm{U}\mathrm{H}_{\mathrm{i}-1}$) $\leq\mu(\mathrm{H}\mathrm{i})$
for each $\mathrm{i}=1,$ $\ldots \mathrm{n}*\cdot$ Set $\mathrm{K}_{\mathrm{n}}=\mathrm{H}_{1}$ U... $\mathrm{U}\mathrm{H}_{\mathrm{n}}$ . Then $\mathrm{K}_{\mathrm{n}}$ is a d\’eired set. Q. E. D.
We identify the dual group $\mathrm{G}\wedge$ of $\mathrm{G}$ and the carrier space of $\mathrm{L}^{1}(\mathrm{G})$ .
Lemma 3. Let $\mathrm{X}=\mathrm{c}_{0}(\mathrm{G})$ or $\mathrm{L}^{\mathrm{p}}(\mathrm{G})(1<\mathrm{p}<\infty)$ and $Y\in\hat{\mathrm{G}}$ . Then
$\mathrm{M}_{\gamma^{\cap}\gamma}\mathrm{X}\subset_{\mathrm{M}}*\mathrm{x}+(1-\mathrm{e}_{\mathrm{Y}})^{*}$ X.
Proof. Since $\mathrm{b}(\mathrm{G})$ is $\mathrm{L}^{1}$-dense in $\mathrm{L}^{1}(\mathrm{G})$ , there is a function $\mathrm{g}\in \mathrm{b}(\mathrm{G})$ with
$\mathrm{g}(\gamma)\wedge\neq 0$ . Set $\mathrm{e}_{\mathrm{Y}}’=\sim_{(\mathrm{Y})}\mathrm{g}1\mathrm{g}$ . Then $\mathrm{e}_{\mathrm{Y}}^{1}\wedge(\gamma)=1$ and $\mathrm{e}_{Y}^{\mathrm{I}}\in \mathrm{b}(\mathrm{G})\subset \mathrm{X}$ . Moreover
$\mathrm{f}=\mathrm{f}$ ’
$\mathrm{e}_{\mathrm{v}}^{1}+(1-\mathrm{e}_{\gamma})\mathrm{t}*\mathrm{f}\in \mathrm{M}*\mathrm{x}+(Y(1-\mathrm{e}^{1}\gamma)^{\mathrm{s}}\mathrm{X}$










(i) Let $\mathrm{X}=_{\mathrm{L}^{\mathrm{p}}()}\mathrm{G}(1<\mathrm{p}<\infty)$ and $\gamma\in\hat{\mathrm{G}}$ . Then we show that $\mathrm{X}=\mathrm{X}^{\gamma}$ . Let $\mathrm{f}\in \mathrm{X}$
be arbitrarv nozero function and $\epsilon>0$ . Since $u(\mathrm{G})$ is $\mathrm{L}^{\mathrm{p}}$-dense in $\mathrm{L}^{\mathrm{p}}(\mathrm{G})$ , there is a
function $\mathrm{h}\in \mathrm{c}_{\alpha\}}(\mathrm{G})$ with $||\mathrm{f}-\mathrm{h}||_{\mathrm{p}}<\epsilon$ . $\mathrm{I}x\mathrm{t}\mathrm{K}$ be the support of $\mathrm{h}$ and hence
$\mu(\mathrm{K})>0$ . For each positive integer $\mathrm{n}$ , there exists a compact subset $\mathrm{K}_{\mathrm{n}}$ of $\mathrm{G}$ such
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that $\mathrm{K}_{\mathrm{n}}\cap \mathrm{K}=\emptyset$ and $0<_{\mathrm{n}}\mu(\mathrm{K})\leq\mu(\mathrm{K}_{\mathrm{n}})$ by Lemma 2. Set
$\mathrm{h}_{\mathrm{n}}(\mathrm{x})=$
Then $\mathrm{h}_{\mathrm{n}}\in \mathrm{C}_{\{}d\mathrm{G}$) $\subset \mathrm{X}$ and $\mathrm{h}_{\mathrm{n}}(\gamma)\wedge=\hat{\mathrm{h}}(\mathrm{Y})-\frac{\mathrm{h}(\gamma)}{\mu(\mathrm{K}_{\mathrm{n}})}\int \mathrm{K}_{\mathrm{n}}\overline{\mathrm{Y}(\mathrm{X})}\mathrm{Y}(\mathrm{X})\mathrm{d}\mu(\mathrm{X})=^{\mathrm{o}}$ . $\mathrm{R}\mathrm{e}\mathrm{f}\mathrm{e}\mathrm{f}_{\mathrm{o}\mathrm{r}}\mathrm{e}$
$\mathrm{h}_{\mathrm{n}}\in \mathrm{M}_{\mathrm{Y}}\cap \mathrm{X}$ We also have
$=| \frac{\hat{\mathrm{h}}(\gamma)}{\mu(\mathrm{K}_{\mathrm{n}})}||\mu(\mathrm{K})\mathrm{n}1=\frac{|\mathrm{h}(\mathrm{Y})|\wedge}{\mathrm{Q}\iota(\mathrm{K}_{\mathrm{n}}))^{1}-\mathrm{l}/\mathrm{P}}1/_{\mathrm{P}}$
$\leq\frac{|^{\wedge}\mathrm{h}(\gamma)|}{0^{\iota}(\kappa))1-1/\mathrm{p}}\frac{1}{\mathrm{n}^{1-1/\mathrm{p}}}arrow 0$ (as $\mathrm{n}arrow+\infty$)
and hence $||\mathrm{f}-\mathrm{h}_{\mathrm{N}}||_{\mathrm{p}}\leq||\mathrm{f}-\mathrm{h}||_{\mathrm{p}}+||$ h-h $\mathrm{N}||_{\mathrm{p}}\leq 2\epsilon$ for suffciently large number N.
Consequently, $\mathrm{M}_{\mathrm{Y}}\cap \mathrm{X}$ is $\mathrm{L}^{\mathrm{p}}$-dense in X and hence $\mathrm{X}=\mathrm{X}^{\mathrm{Y}}$ by Lemma 3.
(ii) Let $\mathrm{x}=_{\mathrm{C}_{0}()}\mathrm{c}$ and $\gamma\in \mathrm{G}\wedge$ . Then we show that $\mathrm{X}=\mathrm{X}^{\mathrm{Y}}$ . Denote by 1 a unit
element of $\hat{\mathrm{G}}$. We first show that $\mathrm{X}=\mathrm{X}^{1}$ . $\mathrm{I}x\mathrm{t}\epsilon>0$ and $\mathrm{g}$ be any nozero positive
continuous function on $\mathrm{G}$ with compact support K. By Lemma 2, there exists a
compact subset $\mathrm{K}_{\epsilon}$ of $\mathrm{G}$ such that $\mathrm{K}_{\epsilon}\cap \mathrm{K}=\emptyset$ and $\mu(\mathrm{K}_{\epsilon})\geq_{\tau^{1}}\int_{\mathrm{G}}\mathrm{g}(\mathrm{x})\mathrm{d}\mu(\mathrm{x})$ . Set
$\delta=\frac{1}{\mu(\mathrm{K}_{\epsilon})}\int_{0^{\mathrm{g}}}(\mathrm{X})\mathrm{d}\mu(\mathrm{X})$ and hence $0<\delta\leq\epsilon$ . Let $\{\mathrm{K}_{\lambda}\}_{\lambda\in \mathrm{A}}$ be the net of compact
neighbourhoods of $\mathrm{K}_{\epsilon}$ . For each $\lambda\in\Lambda$ , choose a continuous function $\mathrm{h}_{\lambda}$ on $\mathrm{G}$
such that $\mathrm{h}_{\lambda}$ I $\mathrm{K}_{\epsilon}=\delta,$ $\mathrm{h}_{\lambda}|\mathrm{G}\backslash \mathrm{K}_{\lambda}=0$ and $0\leq \mathrm{h}_{\lambda}\leq\delta$. Then we $\mathrm{h}\mathrm{a}\mathrm{v}.\mathrm{e}$
$\int_{\mathrm{G}}\mathrm{g}(\mathrm{x})\mathrm{d}\mu(\mathrm{X})\leq\int_{\mathrm{G}}\mathrm{h}_{\lambda}(\mathrm{X})\mathrm{d}\mu(\mathrm{x})$ for all $\lambda\in\Lambda$ and $[ \dot{\Psi}^{1}\int_{\mathrm{G}}\mathrm{h}_{\lambda}(\mathrm{x})\mathrm{d}\mu(\mathrm{X})=\int_{\mathrm{G}}\mathrm{g}(\mathrm{X})\mathrm{d}\mu(\mathrm{X})$ .
Moreover, choose a compact subset $\mathrm{K}_{0}$ of $\mathrm{G}$ and a continuous function $\mathrm{f}_{0}$ on $\mathrm{G}$
such that $0\leq \mathrm{f}_{0}\leq\delta,$ $0< \int_{\kappa_{0}}\mathfrak{h}(\mathrm{X})\mathrm{d}\mu(\mathrm{x})$ and $\mathrm{K}_{0}\cap(\mathrm{K}\mathrm{U}\mathrm{K}_{\epsilon})=\emptyset$ . Then there exists
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Then $\mathrm{h}\in \mathrm{C}_{\alpha\}}(\mathrm{c})$ and
$\mathrm{h}(1)=\int\wedge \mathrm{G}\mathrm{h}(\mathrm{x})\mathrm{d}\mu(\mathrm{X})=\int_{\mathrm{K}}\mathrm{g}(\mathrm{x})\mathrm{d}\mu(\mathrm{x})+\int_{\kappa_{0\lambda}}a\mathrm{f}d\mathrm{x})\mathrm{d}\mu(\mathrm{X})-\int \mathrm{K}\mathrm{h}_{\lambda}0\mathrm{o}(\mathrm{x})\mathrm{d}\mu(\mathrm{x})=0$,
hence $\mathrm{h}\in \mathrm{M}_{1}\cap \mathrm{X}$ , where $\mathrm{M}_{1}=\{\mathrm{f}\in \mathrm{L}^{1}(\mathrm{G}):\mathrm{f}\lambda(1)=0\}$. Also,
$|| \mathrm{g}-\mathrm{h}||_{\infty}=\max\#|\mathrm{h}_{\lambda_{\mathrm{O}}}||_{\infty},$ $||\alpha \mathrm{f}_{0}||_{\infty})\leq\delta\leq\epsilon$ .
Then $\mathrm{g}$ belongs to the $\mathrm{L}^{\infty}$-closure of $\mathrm{M}_{1}\cap$ X. Since an arbitrarv continuous function
on $\mathrm{G}$ with compact support is wrtten by the linear conbination of four positive
continuous functions on $\mathrm{G}$ with compact supports, it follows that $\mathrm{M}_{1}\cap \mathrm{X}$ is
$\mathrm{L}^{\infty}$-dense in Xand hence $\mathrm{X}=\mathrm{X}^{1}$ by Lemma 3.
For the general case, let $\gamma\in \mathrm{G}\wedge$ and $(\mathrm{T}_{\mathrm{Y}}\mathrm{f})(\mathrm{x})=\gamma(\mathrm{x})\mathrm{f}(\mathrm{x})(\mathrm{x}\in \mathrm{G}, \mathrm{f}\in \mathrm{X})$ . Then $\mathrm{T}_{Y}$ is a
linear isometrv of X onto itself. By the simple computation, we see that
$\mathrm{T}_{Y}(\mathrm{M}_{1}\cap \mathrm{X})=\mathrm{M}_{\mathrm{Y}}\cap \mathrm{X}$ But since $\mathrm{M}_{1}\cap \mathrm{X}$ is $\mathrm{L}^{\infty}$-dense in X, so is $\mathrm{M}_{Y}\cap \mathrm{X}$ and hence
$\mathrm{X}=\mathrm{X}^{Y}$ by Lemma 3 Q. E. D.
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